Received: November 3, 1999, Accepted: February 11, 2000

HYPER VERSION

D-branes from N non-BPS D9-branes in IIA theory

Josef Klusoň

Department of Theoretical Physics and Astrophysics Faculty of Science, Masaryk University Kotlářská 2, 611 37, Brno, Czech Republic E-mail: klu@physics.muni.cz

Abstract: We construct unstable system D8 + D8 as a kink solution on world-volume of non-BPS D9-brane in IIA theory. Further we will make other checks confirming validity of our approach.

Keywords: D-branes, Brane Dynamics in Gauge Theories.

Contents

1. Introduction 1

2. Action for non-BPS D-brane in IIA theory 3

3. Multibrane solutions on N 9-branes in IIA theory 8

4. Generalised tachyonic solution 16 4.1 Kink solution on pair D8-brane D8-antibrane 20 4.2 Vortex solution on pair brane+antibrane 25

5. Conclusion 28

1. Introduction

In the previous paper [15], we have obtained BPS Dp-brane in IIA theory from non-BPS D(p + 1)-brane via tachyon condensation in form of kink solution. In this article, we will continue in this approach and we will see, that due to the tachyon condensation on N non-BPS D9-branes in IIA theory, we can construct unstable system consisting D8-branes and D8-antibranes, confirming results in [5]. The lower dimensional branes can then arise as tachyon kink solution on this system and in this “step by step” construction we will be able to construct all D-branes in IIA theory. It is clear, that with action for system brane and antibranes, that will be presented in this paper, we could construct all D-branes in IIB theory as well following [4].

The starting point in our analysis is action for non-BPS Dp-brane, proposed in ref. [1]. Sen argued that non-BPS D-brane must contain on its world-volume 32 fermionic degrees of freedom, because this brane completely breaks bulk s persymmetry of IIA theory. The supersymmetric invariant action for BPS brane contains 32 fermionic degrees freedom, but half of them is unphysical due to the presence of local gauge symmetry on world-volume of BPS D-brane, κ symmetry [12].We can expect that non-BPS D-brane has the same DBI action as BPS brane, simply for the reason, that these branes have common origin and have the same spectrum of massless bosonic degrees of freedom on their world-volume. DBI term is manifestly invariant under space-time supersymmetry, which should be hold for non-BPS D-brane as well, as a consequence of the fact, that this brane is embedded into supersymmetric theory. On the other hand, DBI term is not invariant under κ symmetry alone, so we cannot gauge away one half of fermionic degrees of freedom. The same is true also for BPS D-brane, but the action for this brane must contain WZ term and this whole action is invariant under κ symmetry, leading to possibility of gauging away one half of fermionic degrees of freedom, which results into BPS D-brane.

Sen also showed how to incorporate effect of tachyon into this action. Since tachyon has mass of order of string scale, there is no systematic way how to obtain effective action for it, but we can estimate form of this action on some general grounds. The presence of tachyon was incorporated into original action for non-BPS D-brane with introducing the some F function, that has a basic property, that for tachyon equal its vacuum value, this function is zero, which leads to the vanishing of action for non-BPS D-brane resulting into appearance of super symmetric vacuum of IIA theory.

In previous paper[15], we have used the action for non-BPS D-brane, proposed by Sen in ref. [1], for construction of BPS brane from higher dimensional non-BPS D-brane. For better understanding of new results, we will review this construction in following part.

In this paper, we generalise this construction for system of N non-BPS D9- branes, in order to obtain relation of our construction with K-theory construction, proposed in ref. [5]. With using the tachyon kink solution given in [5], we obtain action, that can be expressed as sum of actions for brane and antibranes. We will argue that this approach is not completely correct, because we know, that this system is unstable, so we could expect presence of tachyon field. Then we generalise tachyon kink solution and we obtain action, that has not been previously known in literature, but we will argue, that this action is exactly action for system of brane and antibrane. The arguments for validity of this conjecture will then be given. Firstly, we will show, that kink solution of tachyon on world-volume of pair brane+antibrane results, as expect, to the unstable non-BPS D-brane in IIA theory. As a further check, we will show, that this action under (−1)^{FL} operation presented in [6] leads to the action of non-BPS D-brane with the same dimension as in IIA theory and then with further modding out by (−1)^{FL} to the action for supper-symmetric D-brane in IIB theory with completely agreement with [6].

As a last result, we present construction of vortex solution on world-volume of D8-brane+antibrane pair resulting into stable BPS D6-brane in IIA theory, with agreement with topological arguments presented elsewhere [6, 7, 5, 4]. This solution can be indication of further research in one step construction of lower dimensional branes from non-BPS D9-brane in IIA theory, in the same way as in [5].

This is brief outline of present paper. In conclusion, we return to the issue with WZ terms, that not correctly reproduces this results and we present some speculations about this problem.

2. Action for non-BPS D-brane in IIA theory

In this section we will review construction of lower dimensional BPS brane from non-BPS D-brane, as was presented in [15]. In fact, the construction presented in this section is slight different from construction in ref. [15] , since we use different form of non-BPS D-brane than in ref. [15], which is not manifestly supersymmetric but is appropriate for non-abelian extension. We will show on example given in this section that both two forms lead to the same result.

We start this section with recapitulating basic facts about non-BPS D-branes in IIA theory, following [1]. Let σ_μ, μ = 0, . . . , p are world-volume coordinates on D-brane.^1 Fields, living on this D-brane, arise as the lightest states from spectrum of open string ending on this D-brane. These open strings have two CP sectors [3]: first, with unit 2 × 2 matrix, which corresponds to the states of open string with usual GSO projection (−1)^F |ψ⟩ = |ψ⟩, where F is world-sheet fermion number and |ψ⟩ is state from Hilbert space of open string living on Dp-brane. The second CP sector has CP matrix σ_1 and contains states having opposite GSO projection (−1)^F |ψ⟩ = − |ψ⟩. The massless fields living on Dp-brane are ten components of X^M (σ), M = 0, . . . , 9, U(1) gauge field A(σ)_μ and 32 component of fermionic field θ transforming as Majorana spinor under transverse Lorenz group SO(9, 1). We can write θ as sum of left handed Majorana-Weyl spinor and right handed Majorana-Weyl spinor:

θ = θ_L + θ_R , Γ_{11}θ_L = θ_L , Γ_{11}θ_R = −θ_R . (2.1)

All fields except θ_R come from CP sector with identity matrix, while θ_R comes from sector with σ_1 matrix.

As Sen [1] argued, action of non BPS D-brane should go to the action of BPS D-brane, when we set θ_R = 0 (we have opposite convention that [1]). From this reason, action of non-BPS D-brane in [1] has been constructed as supersymmetric DBI action, which is manifestly supersymmetric invariant, but has not κ symmetry, so we cannot gauge away one half of fermionic degrees of freedom, so that this action describes non-BPS D-brane. In the following, we will not need the general form of this action, because we would like to have clear physical interpretation of our result so that we will work in static gauge (for simplicity we omit the factor 1/(2π) in front of F in the following expression): S = −C ∫ d^{p+1}σ √ − det(G_{μν} + F_{μν} ) ,

1Our conventions are following. Γ^M are 32 × 32 Dirac matrices appropriate to 10d with relation {Γ^M , Γ^N } = 2η^{MN} with η^{MN} = (−1, 0, . . . , 0). For this choice of gamma matrices the massive Dirac equation is (Γ^M ∂_M − M)Ψ = 0. In our convention Majorana fermions are real. We also introduce Γ_{11} = Γ_0, . . . , Γ_9, (Γ_{11})^2 = 1. We also work in units 4π^2α^′ = 1. Then tension of BPS Dp-brane is equal to T_p =^{2π}_g where g is a string coupling constant.

G_{μν} + F_{μν} = η_{μν} + δ_{ij}∂_μϕ^i∂_ν ϕ^j + F_{μν} − − 2θ_L(Γ_ν + Γ_i∂_ν ϕ^i)∂_μθ_L − 2θ_R(Γ_μ + Γ_i∂_μϕ^i)∂_ν θ_R + + (θ_LΓ^M ∂_μθ_L)(θ_LΓ_M ∂_ν θ_L + θ_RΓ_M ∂_ν θ_R) + + (θ_RΓ^M ∂_ν θ_R)(θ_LΓ_M ∂_μθ_L + θ_RΓ_M ∂_μθ_R) , (2.2)

where F_{μν} = ∂_μA_ν − ∂_ν A_μ is a field strength for gauge field and C is constant equal to the Dp-brane tension: C = √ 22π/g Now, if we set θ_R = 0, we obtain action for BPS D-brane as in ref. [12]. The next thing is to include the effect of tachyon. In order to get some relation between tachyon condensation and supersymmetric D-branes, we would like to have an effective action for massless field and tachyon living on world-volume of non-BPS D-brane. This effective action should appear after integrating out all massive modes of open string ending on Dp-brane. Because tachyon mass is of order of string scale, there is no systematic way to obtain effective action for this field, but we can still study some general properties of this action. Following ref. [1], the effective action for non-BPS Dp-brane with tachyonic field on its world-volume should have a form: S = − ∫ d^{p+1}σ √ − det ( G_{μν} + 1 2π F_{μν} ) F ( T, ∂_μT, D_μ∂_ν T, . . . , G̃^{μν}_A , G̃^{μν}_S ) + I_{W Z} , (2.3) where G̃^{μν}_{A,S} are symbols introduced in [10], that are appropriate quantities for open string in presence of general background arising in closed string sector. In this note, we are interested in the simplest case, where metric is flat and B field is zero so that this quantities can be taken to be trivial.

In the function F the constant C is included. This function has a important property [1], that for tachyon field T = T_0, where T_0 is a vacuum value of tachyon field, this function is zero:^2 F (T_0) = 0 . (2.4)

We also have I_{W Z} = 0 due to the fact that WZ term has a form for non-BPS Dpbrane [11]: I_{W Z} = a ∫ p+1 C ∧ dT ∧ e^{F/2π+B} ∧ G , (2.5) where G is geometrical part of WZ term, but in our case we take normal and tangent bundles to be trivial, so this term is trivial as well. We see, that for T = const., this terms is zero. When on the whole world-volume the tachyon is equal its vacuum value T_0 (Recall, that vacuum value of fields is the value, that minimise potential for this

2In fact, Sen argued that in case of constant T , F reduces to the potential for tachyon and as a consequence of general form of potential for tachyon, this term is zero for T = T_0. In this article, we slightly change behaviour of this function, because we only demand, that in point on world-volume, where tachyon is equal to its vacuum value T_0, we should recover supersymmetric vacuum, so that there are no fields living on non-BPS D-brane, so we have (2.4).

field), the action is identical zero and we end with pure supersymmetric vacuum, which is satisfactory result, because we expect, that after tachyon condensation, non-BPS D-brane disappears and we obtain supersymmetric vacuum.

Now we are interested in nontrivial behaviour of tachyon on world-volume of non- BPS D-brane. In other words, we would like to construct kink solution for tachyon. As was explained elsewhere [2, 5], when we have one non-BPS D-brane, tachyon field must be real and consequently there is no coupling between tachyon and gauge field living on the world-volume of non-BPS D-brane. It can be shown [2, 3], that potential for tachyon must be even function of T , so that we have two values of T , that minimise potential for tachyon. In other words, we have two ground (vacuum) states for tachyon field: {T_0, −T_0}.^3

In order to construct supersymmetric D-brane as topological solution of fields living on world-volume of non-BPS D-brane, we expect, that these massless field are slowly varying, so that we can expand DBI action in standard form, when derivatives of massless fields are small. As a result, we obtain action for U(1) gauge field and massless scalars ϕ^i, i = p + 1, . . . , 9, describing transverse fluctuations of D-brane, as in ordinary construction of BPS D-branes [13, 14]. There are also terms for fermionic fields θ_R, θ_L, so that action has a form, S = − ∫ d^{p+1} ( F_{μν} F^{μν} + 2δ_{ij}∂_μϕ^i∂^μϕ^j + F.T. ) F (T, ∂T, . . .) + I_{W Z} , (2.6) where F.T. means term containing both left handed and right handed fermionic fields θ_R, θ_L. We need not to know direct form of this term, we only must know, that in case of θ_R = 0 and T = 0, this action goes into SYM action with gauge group U(1) describing BPS Dp-brane in the low energy limit.

Now, we would like to construct kink solution for the tachyon field. This means that we must solve equation of motion for tachyon, which can be obtained from (2.6). Since tachyon is present only in F function, we can obtain equation of motion for tachyon from this function. In the next part, we must determine on some physical grounds form of this function. We expect that interaction terms between tachyon and other massless fields must be present in this function, because as in ref. [1], when we set T = 0, we must obtain action for non-BPS D-brane.

We write F as F = C(V (T ) + G(T, θ_R, θ_L)) , (2.7)

where V (T ) is potential for tachyon and in G we have included kinetic term for tachyon and all interaction terms between tachyon and spinor fields and we have used the fact, that tachyon has charge zero with respect of gauge field A_μ. For the

3To see, why tachyon is real, we must consider general case of N non-BPS D-branes, where tachyon lives in adjoint representation of U(N) gauge group. Because U(1) has no adjoint representation, tachyon field is real field with charge zero. This has important consequence in construction F function in (2.3).

same reason there is no interaction term between tachyon and scalar field ϕ^i, because we know, that non-BPS Dp-brane transform under T duality into non-BPS D(p−1)- brane, which results into transformation of component of gauge field in direction of T transformation into scalar field describing position of T dual D(p − 1)-brane in dual direction, and because tachyon has no charge with respect to gauge field, we can conclude, that there is also no interaction between tachyon and scalar field (We have flat metric and B = 0, so that we have no interaction between tachyon and light fields coming from closed string sector).

Now, we must discuss possible form of G function. We know from previous discussion that θ_L comes from CP sector with identity matrix and θ_R comes from CP sector with σ_1. As we know, open string amplitudes comes with factor containing trace of CP matrix. Interaction vertex with two fermionic lines and k tachyon lines contain following trace (we are interested only in terms with two fermionic fields without derivatives, because interaction with more fermionic fields and with more derivatives do not give new information):

Tr((σ_1)^k1σ_1) , (2.8)

where first matrix corresponds to the tachyon, the second matrix to θ_L and the third matrix to θ_R. From the identity Tr(σ^{2n+1}_1 ) = 0 it is clear that k must be odd. We than propose interaction between tachyon field and one spinor field from left handed sector and one field from right handed sector:

G(T, θ_R, θ_L) = f(T )θ_Rθ_L + ∂_μT ∂^μT , (2.9)

where f(T ) are odd function of T and where we have included only terms with two derivatives of tachyon into G.^4

Now, we are ready to construct kink solution on non-BPS D-brane. We suppose that tachyon is function only one coordinate, say x_1. Firstly, we should ask what happen, when T is equal one of vacuum expectation value in one particular point. We know that F in (2.6) must be zero in this point, because we should obtain pure supersymmetric vacuum in this point: F = C ( V (T_0) + f(T_0)θ_Rθ_L ) = 0 (2.10)

because V (T_0) is zero and there is no reason why f(T_0) should be zero (for example, in the simplest case f(T ) = T , this function is clearly nonzero in T = T_0 ), the only possibility is to take either θ_R or θ_L to be zero. We choose θ_R = 0 in the point, where T = T_0. We must also mention that other fields are not restricted in this particular point.

In kink solution, tachyon approaches in limit x_1 → −∞ one vacuum value (say −T_0) and then in limit x_1 → ∞ the vacuum value T = T_0. We can take special limit

4More detailed discussion of the form of these terms can be found in [15].

of this solution, when tachyon is different from its vacuum expectation value T_0 only in small region around point x_1 = 0 and in extreme case, T has a form:

T (x_1) =

−T_0 , x_1 < 0 T_0 , x_1 > 0 T = 0 , x = 0

(2.11)

Of course, this is very special function and there could be some opinions, why we do not take terms with higher derivatives into G, but we expect, that these terms make behaviour of our solution more singular, so that in any case, F looks like F ∼ δ(x_1) (this can be seen from the fact, that potential term in (2.10) is finite function and singular behaviour comes from derivative term). Now, from (2.9) we can obtain the equation of motion for tachyon

d^2T dx^2_1 + df dT (θ_Rθ_L) + dV dT = 0 . (2.12)

It can be shown [15] that (2.11) is solution of equations d^2T /dx^2 = 0, dV /dT = 0. As was argued above, f(T ) is odd function of T so that its derivative is nonzero and we come to the result that in order to satisfy equation of motion for tachyon, we must demand that θ_R is zero in x_1 = 0 as well.

θ_R = 0 . (2.13)

This result is with agreement with our original assumption, that massless fields vary slowly on world-volume of non-BPS D-brane, because in case of nontrivial dependence of θ_R on x_1, its derivative would be proportional to the delta function and then θ_R certainly does not vary slowly on world-volume of non-BPS D-brane.

We know that in extreme case (2.11), we have^5

F (x_1) ∼ Cδ(x_1) (2.14)

and when we insert this term into (2.6), we obtain integral over (p − 1) spatial direction, which can suggest, that we have obtained low energy action for BPS D(p− 1)-brane (Condition θ_R = 0 in original action leads to the action for BPS Dp-brane),^6 but there are two puzzles, that must be resolved. Firstly, when we insert (2.14) into (2.6), we also obtain following terms

∂_{x1} Ψ|_{x1=0} ,

5We give more precise numerical factor below, after fixing vacuum value of tachyon. 6We must remember, that we are working in units 2πl_s = 1, so that tension of Dp is (C ∼ 1/g), but when we would work in units, where 2πl_s is not one, than integral over x_1 would be multiplied with l_s, so we would obtain tension for D(p − 1)-brane as T ∼ Cl_s ∼ l_s/gl^{+1}_s ∼ 1/gl^p_s , which is a correct tension for D(p − 1)-brane.

where Ψ is any massless world-volume field. But we know that there is no dependence of any field in resulting (p − 1) dimensional action on x_1, so we must demand that this term is zero ∂_{x1} Ψ|_{x1=0} = 0 . (2.15)

The other problem arises with scalars describing transverse fluctuation of Dbrane. Any Dp-brane has (9 − p) world-volume scalars describing fluctuation of this D-brane in transverse directions. Original non-BPS action has (9 − p) scalar fields, but now we would like to have action for D(p − 1)-brane, so that there should be (10 − p) scalars. We can obtain this additional scalar from gauge field. Remember that in original action we have had a term (now M, N goes from 0, . . . , p and μ, ν = 0, . . . , p − 1): F_{MN} F^{MN} = 2F_{1μ}F^{1μ} + F_{μν} F^{μν} . (2.16)

We see that additional scalar can be first component of gauge field A_1, that has kinetic term 2F_{1μ}F^{1μ} = 2∂_μA_1∂^μA^1 , (2.17)

that has the same form as term for scalar fields in (2.6), so that after renaming A^1 = ϕ^p, we obtain (10 − p) scalars, the correct number of scalar fields describing transverse fluctuations for D(p − 1)-brane. From previous facts and from (2.13) we conclude that kink solution on non-BPS Dp-brane forms BPS D(p − 1)-brane, that is localised in x_1 direction. This can be also confirmed with WZ term [11], that in extreme case has a form (dT (x_1) = δ(x_1)dx_1)

I_{W Z} = ∫ R^{1,p−1} C ∧ e^{F/(2π)} , (2.18)

which has the same form as WZ term for BPS D(p − 1)-brane.

3. Multibrane solutions on N 9-branes in IIA theory

In this part, we would like to analyse tachyon solution on N 9-branes in IIA theory proposed by Hořava in ref. [5]. Firstly, we must say a few words about potential for tachyon taking value in adjoint representation of U(N). We can expect this potential in the form:

V (T ) = −m^2 Tr(T^2) + λ Tr(T^4) . (3.1)

This potential leads to the ground state value of tachyon, where all eigenvalues are equal, possibly up to sign.^7

7This potential is not zero for T = T_0.To get potential, that is zero for T = T_0. we add constant to the potential, that leads to V (T ) = −m^2 Tr(T^2) + λ Tr(T^4) + λ Tr(T_0)^4. This function is zero for T = T_0. In the following, when we speak about potential for tachyon, we will mean this expression.

As in ref. [5], we take tachyon vacuum value in the form:

T_0 = T_v ( 1_{N−k} 0 0 1_k ) (3.2)

We see that this vacuum value is invariant under gauge transformations of the form U(N − k) × U(k),because each element, that belongs to this gauge group, has a form ( A 0 0 B ) , where A ∈ U(N − k) and B ∈ U(k). Now, we take solution of equation of motion, where tachyon forms kink. This kink solution should lead to the collection of 8-branes and antibranes [5]. In particular, tachyon can look around point x = 0 as: T = ( x1_{N−k} 0 0 −x1_k ) (3.3)

This kink forms state with N − k 8-branes in point x = 0 and k anti 8-branes in the same point. Of course, we can expect that this configuration is unstable, which can be seen from supergravity point of view as a result of attractive force between brane and antibrane, so that k branes annihilate with k antibranes resulting into stable configuration of N − 2k branes. (We consider situation, where N − k is larger than k.) Firstly, we will analyse the tachyon solution (3.3) in the same way as in case of one non-BPS D-brane presented in the previous section and we show that this analysis leads to the action describing N − k D8-branes and k anti D8-branes. However, we will see that tachyon field in the form (3.3) leads to the solution, where is not complete clear instability of these configuration. In other words, in resulting action the terms describing tachyon arising from open string connecting brane and antibrane are missing. Then we show that simple modification of tachyon solution in (3.3) leads to the expression, that can be interpreted as correct action for the configuration of branes and antibranes.

We start our analysis with WZ term for non-BPS D-brane [11], that has a form: S = a ∫ C ∧ d ( Tr T e^{F/(2π)} ) , (3.4)

where a is a constant proportional to D-brane charge and where geometrical part is trivial due to the fact, that there is no normal gauge bundle. We see that this term is gauge invariant, because contain trace over matrices in adjoint representation. But when we make expansion of exterior derivative

Tr d(T e^{F/(2π)}) = Tr dT ∧ e^{F/(2π)} + Tr T d(e^{F/(2π)})

we would like to have each term invariant separately. Natural generalisation is to take covariant derivative in place of ordinary exterior derivative, so we obtain the result: I_{W Z} = ∫ C_{p+1} ∧ Tr D(T e^{F/(2π)}) , (3.5)

where D = d + [A, ].^8 As a check, we would see that this new WZ term correctly reproduce charge of D8-branes and D8-antibranes, after using (3.3).^9 We have conjectured that tachyon field T describing configuration of N − k D8-branes and k D8-antibranes has a form (3.3). (As in [5] we do not consider possible convergence factor.) We suppose that near the core of the vortex, tachyon is in its vacuum value. We have also seen, that this T breaks gauge symmetry into U(N − k) × U(k). We would like to know, whether (3.2) places some restrictions on gauge fields. We demand that this configuration must solve equation of motion for tachyon, so that exterior derivative DT is zero in the point, where tachyon is equal to its vacuum value. Since except the point x = 0, tachyon is in its vacuum value (we consider solution in the form (2.11)), we have dT = 0, so that we obtain condition for gauge field outside the point x = 0:

[T_0, A_x] = 0 . (3.6)

We write A_x as follows: A_x = ( A B C D )

and after inserting into (3.6), we obtain: [( 1_{N−k} 0 0 1_k ) , ( A B C D )] = ( 0 2B −2C 0 ) , (3.7)

where we omit constant factor. We than see that B, C = 0, in other words, gauge fields divide into two parts corresponding to the gauge group U(N − k) and U(k) respectively. When we look at (3.3), we see that tachyon field breaks gauge symmetry also in point x = 0, we can than expect that gauge field is in two subgroups of gauge group everywhere as well, because we do not expect singular change in the gauge group. This result has a direct consequence, because we have

[T (x), A_x(x)] = 0 (3.8)

for all x, so that covariant derivative T is the same as ordinary derivative : DT = dT . We than obtain

Tr D(T e^{F/(2π)}) = Tr DT e^{F/(2π)} + Tr T D(e^{F/(2π})) = Tr dT e^{F/(2π)} (3.9)

8Arguments for the using of covariant derivative in place of ordinary derivative come from Tduality. We consider term Tr Y T , where Y is a field on D-brane describing transverse fluctuation of brane in this direction. When we apply T-duality in this direction, we obtain term Tr DT , where scalar field was replaced with covariant derivative. We can than expect, that all derivatives should be replaced with covariant derivatives.

9There are important objections to this result, that will be presented in conclusion.

where we have used the Bianchi identity DF = 0. From (2.11) that holds for all diagonal elements, we obtain: dT (x) = ( δ(x)1_{N−k} 0 0 −δ(x)1_k ) dx (3.10)

and using the know result from algebra: Tr {( A 0 0 B ) ( C 0 0 D )} = Tr(AB) + Tr(CD) (3.11)

we arrive to the final result: I = ∫ C ∧ Tr dT ∧ e^{F/(2π)} = ∫ C ∧ dxδ(x) Tr_{N−k} e^{F/(2π)} − ∫ C ∧ dxδ(x) Tr_k e^{F ′/(2π)} = ∫ D8 C ∧ Tr_{N−k} e^{F/(2π)} − ∫ D8 C ∧ Tr_k e^{F ′/(2π)} , (3.12)

where F ∈ U(N −k) is identified with field strength for N −k 8-branes and F^′ ∈ U(k) is field strength identified with k anti-8-branes.

This result can be expected in the action for N − k branes and k antibranes, consequently can serve as a justification of validity of construction branes through tachyon condensation. But this cannot be final result, because there is missing term expressing instability of this configuration, as in [16]. We will see that we do not obtain correct result even in case of more general tachyonic kink solution. We return to this important question in conclusion.

As a next step, we start analyse action for non-BPS D-brane in the same way as in previous section. Since we do not know exactly the DBI action for system of N-branes, we take low energy limits with all derivatives and all field strength of massless fields to be small, so that generalised action for N 9-branes looks like: S = − ∫ d^{10}x [ 1 + 1 16π^2

(Tr F_{MN} F^{MN} − 2 Tr θ_LΓ^M D_M θ_L −

− 2 Tr θ_RΓ^M D_M θ_R) ] F (T, DT, . . .) + I_{W Z} , (3.13) where we have introduced a constant term and as in ref. [1] we expect that for T = 0 this action comes to the action for N non-BPS D-branes, so that we have F (T = 0) = C. From this reason, the terms in brackets must be separately gauge invariant and F must be gauge invariant as well. We generalise results from ref. [15] for the case of N non-BPS D-branes, so that we can expect F in the form: F (T, DT, . . .) = √ 22π Ng [ Tr D_M T D^M T + Tr(f(T )θ_Rθ_L) + V (T ) ] . (3.14)

Now we suppose kink solution of the tachyon field in the form (3.3). (More precisely, we take kink solution with diagonal term to be equal to (2.11).) We know that this solution break gauge symmetry into U(N − k) × U(k). Again, we demand that in some particular point x where T = T_0 this system is equivalent to the supersymmetric vacuum, so we have F (T_0) = 0 and this condition place some constrains on massless fields.^{10} Firstly, we analyse gauge fields.

In place, where T = T_0, we must have DT = 0, which again leads to the separating gauge fields into two parts, A_x, transforming in adjoint representation of U(N − k) and A^′_x transforming in U(k). Even if the breaking of gauge group appears only in x-th component, this must hold for the other components as well, because the braking of gauge group does not depend on component of particular field. We see that there are no other conditions for these fields, except the well know fact, that must vary slowly. From the previous section we know that massless fields must be independent on x direction for tachyon field forming kink solution. With using this fact we obtain from kinetic term for gauge field following result:

Tr F_{MN} F^{MN} = Tr_{N−k} F_{μν} F^{μν} + Tr_k F^′_{μν} F^{′μν} + Tr_{N−k} F_{μx}F^{μx} + Tr_k F^′_{μx}F^{′μx} , (3.15)

where: M, N = 0, . . . , 9, μ, ν = 0, . . . , 8. We see that the first two terms correspond to the field strengths of gauge fields living on world-volume of 8-branes and 8-antibranes, and the third and the fourth term correspond to the transverse fluctuation of 8-branes and antibranes after renaming A_x = X:

Tr_{N−k} F_{μx}F^{μx} = 2 Tr_{N−k}(∂X + [A_μ, X])^2 = 2 Tr_{N−k}(D_μXD^μX) (3.16)

and the same form for antibranes.

In the same way, we will analyse the fermionic term in point, where T = T_0. In this point, the function f(T ) in (3.14) looks like:

f(T_0) = ( K(T_0)1_{N−k} 0 0 K(T_0)1_k ) , (3.17)

where function K follows from the form of f. Now we write fermionic terms as

θ_R = ( A B C D ) , θ_L = ( E F G H ) (3.18)

where A, E are matrices with (N − k) rows and (N − k) columns, D, H are k × k matrices and C, G are k×(N −k) matrices and finally B, F are matrices with (N −k) rows and k columns. With this expansion, the potential term in point T = T_0 is

Tr f(T )θ_Rθ_R = Tr_{N−k} K(T_0)(AE + BG) + Tr_k L(T_0)(CF + DH) . (3.19)

10This condition is equivalent to the condition, that tachyon must obey equation of motion δF (T )/δT = 0.

Again, this term must vanish. As in case of single non-BPS D-brane, we have some possibilities to obey this condition and we take

A = 0 , D = 0 (3.20)

in point T = T_0, but due to the same arguments as in one non-BPS brane, this must be extended over the whole axis x. The other choices are either B, C = 0 or G, H = 0. We take G, H = 0, in order to obtain nontrivial interaction, when we will consider generalised tachyon solution in the next section.

G = 0 , F = 0 . (3.21)

In the same arguments as before, these two matrices must be zero on the whole x axis. As a next step, we insert this result into kinetic terms for fermions in (3.13). We start with θ_R. As in previous situation for gauge field, we demand, that fermionic fields are independent on x coordinates:

∂_xθ_L = 0 , ∂_xθ_R = 0 (3.22)

so that derivative part in covariant derivative for θ_R has a form:

Tr θ_RΓ^M ∂_M θ_R = Tr_{N−k} CΓ^μ∂_μC + Tr_k BΓ^μ∂_μB (3.23)

and term with gauge field is:

Tr θ_LΓ^M [A_M , θ_L] = Tr_{N−k} CΓ^μ(A^′_μC − CA_μ) + Tr_k BΓ^μ(A_μB − BA^′_μ) + + Tr_{N−k} CΓ^9(X^′C − CX) + Tr_k BΓ^9(XB − BX^′) (3.24)

where we now take x direction as 9-th direction and we have renamed A_9 as X and μ = 0, . . . , 8. We can see that the last term expresses non-local character of spinor fields, because relates scalar components living on brane with scalar component living on antibrane. It seams to be strange and we return to this puzzle in a moment. We must also argue that appearance of these terms is natural, again from the reason of T-duality, where from standard gauge covariant term, that will be written bellow, we obtain exactly this term.

The gauge covariant terms for C, B are:

Tr_k BΓ^μ(∂_μB + (A_μB − BA^′_μ)) Tr_{N−k} CΓ^μ(∂_μC + (A^′_μC − CA_μ)) (3.25)

In the following part, we would like to argue that this lagrangean correspond to the fermionic degrees of freedom arising from string theory point of view as a fermionic states from R sector of open string stretching between N − k 8-branes and k 8-antibranes, so that from string theory we have transformation law for these spinors^{11} ψ → gψh^{−1} , g ∈ U(N − k) , h ∈ U(k) . (3.26) We must also note that these spinors are complex, where this complex property is a consequence of the fact, that these fermions come from the oriented string, so that we have two degrees of freedom for each string starting on i-th brane and ending on j-th brane. (In case of non oriented strings theory, these fermions will be real, because they are Majorana-Weyl spinors and can be real in appropriate basis for Dirac matrices.) From the transformation property of spinor modes on N 9-branes under transformation of the form U = ( g 0 0 h ) , g ∈ U(N − k), h ∈ U(k) , U ∈ U(N − k) × U(k) and θ → UθU^{−1} that holds for both left and right handed spinors, we obtain for

θ_R = ( 0 B C 0 )

the transformation property for C and B

B̃ = gBh^{−1} , C̃ = hCg^{−1} . (3.27)

We see that these spinors transforms as in (3.26), so we can interpret these spinors as spinor states coming in string theory point of view from sector of strings connecting brane and antibrane. As other check, we can show that (3.25) is invariant under U(N − k) × U(k) symmetry, where gauge fields transforms as: Ã = −dgg^{−1} + gAg^{−1} , Ã′ = −dhh^{−1} + hgh^{−1} , (3.28) where g, h have the same meaning as before. We introduce covariant derivative D̂B = dB + AB − BA′, that transforms as:

^̃DB = gD̂h−1 (3.29)

so that first term in (3.25) is gauge invariant:

Tr_k B̃Γ ^̃DB = Tr_k ( hBg^{−1}gΓD̂Bh^{−1} ) = Tr_k BΓD̂B , (3.30)

11This transformation law is the same as for tachyon, that was presented in [4], because we have from string theory analysis of Chen-Paton factors: ψ^{′ ij} = g^{ik}h^{∗jl}ψ^{kl} = g^{ik}(h^†)^{lj} ψ^{kl} = (gψh^{−1})^{ij} .

where we have used(B̃ = gBh^† ⇒ B̃ = B̃^†Γ^0 = gBh^{−1}) and where for simplicity write ΓD instead Γ^μD_μ.^{12} From the fact that θ = θ^†, we obtain C^† = B, so that both two terms in (3.25) are the same.

Now we would like to analyse form of θ_L. We see, that in (3.18), F and G are zero. We than have:

θ_LΓ^M ∂_M θ_L = Tr_{N−k} EΓ^μ∂_μE + Tr_k HΓ^μ∂_μH , (3.31)

where we again use (3.22). The part with gauge fields gives:

θ_LΓ^M [A_M .θ_L] = Tr_{N−k} EΓ^μ[A_μ, E] + Tr_k HΓ^μ[A^′_μ, H] + + Tr_{N−k} EΓ^9[X, E] + Tr_k EΓ^9[X, H] . (3.32)

(We rewrite E → θ, H → θ^′).

θ is field coming from the string sector living on N − k 8-branes and θ^′ is field coming from the string sector living on k anti 8-branes. With this notation we obtain from (3.31), and (3.32) the well known terms for spinor fields living on branes:

Tr_{N−k} θ(Γ^μD_μθ + Γ^9[X, θ]) , Tr_k θ^′(Γ^μD_μθ^′ + Γ^9[X^′, θ^′]) . (3.33)

We are now ready to write the complete action after tachyon condensation. With using (3.12), (3.15), (3.16), (3.24), (3.25), (3.33) and with the fact, that as in case of one non-BPS brane, we have F (x) = Cδ(x),^{13} so we obtain

S = S_{brane} + S_{antibrane}

S_{brane} = −C ∫ R^{1,8} Tr_{N−k} ( F_{μν} F^{μν} + 2D_μXD^μX − 2θ(Γ^μD_μθ + Γ^9[X, θ]) ) − − 2 Tr_k ( BΓ^μD̃_μB + BΓ^9(XB − BX^′) ) + + ∫ R^{1,8} C ∧ Tr_{N−k} e^{F/(2π)} (3.34)

and for anti-brane S_{anti} = −C ∫ R^{1,8} Tr_k ( F^′_{μν} F^{′μν} + 2D_μX^′D^{′μ}X^′ − 2θ^′(Γ^μD^′_μθ^′ + +Γ^9[X^′, θ^′]) ) − − 2 Tr_k ( BΓ^μD̃_μB + BΓ^9(XB − BX^′) ) − − ∫ R^{1,8} C ∧ Tr_k e^{F ′/(2π)} . (3.35)

12We must say a few words about notation. When we write Tr ψψ = Tr ψ^{T †}Γ^0ψ = ∑ i,j ψ^{∗T}_{ij} Γ^0ψ_{ij} , where symbol T over ψ means operation of transposition related to the spinor indexes as in ordinary QFT and indexes i, j can be interpreted as labelling different species in internal symmetry.

13Again, we do not carry about precise numerical factors, which will be given in the next section.

We see that due to the tachyon condensation into kink solution of the form (3.3), we obtain action for N − k 8-branes and k 8-branes. We also see that both action for branes and antibranes contain the common term, that from the string theory point of view comes from R-sector of string connecting brane and antibrane. The form of the whole action that is expressed as sum the two action for different branes and antibranes suggests, that from the tachyon solution, we obtain brane and antibrane, that are distinguishable, but there is a difference from ref. [8]. In that paper, a covariant derivative for tachyon in the action for brane, that contain only gauge field living on brane, is DT = dT + AT and on antibrane is D^′T = dT − A^′T , while in case of indistinguishable branes, we have covariant derivative for tachyon DT = dT +AT −A^′T . (In our case, tachyon correspond to the spinor field coming from string connecting brane and antibrane.) In our approach, we have branes and antibranes that seam to be distinguishable, which can be natural property of them, because branes carry RR charge and antibranes carry opposite charge, but covariant derivative for spinor field contain both gauge field living on brane and antibrane:D̃B = dB + AB − BA^′. It seams to us that this covariant derivative is more appropriate for field, that arise from string sector connecting brane and antibrane, because this field, that for example now live on brane, can also field gauge field living on antibrane. In (3.34) is also term, that relates transverse fluctuation of brane and antibrane due to the spinor field (XB − X^′B), that again supports idea, that these field can have string theory interpretation in terms of string connecting brane and antibrane.

The other puzzle is with tachyon. We know, that system of brane and antibrane is unstable, so that there should be tachyon presented in the action reflecting instability of these configuration. In the next section we will show that simple modification of tachyon solution in (3.3) leads to correct result.

4. Generalised tachyonic solution

Firstly we must ask what form of tachyon field we would like. We demand that outside the point x^9 = 0, where branes and antibranes are sitting, the system should be equivalent to the supersymmetric vacuum, so that tachyon must be in their vacuum value T_0 = T_v ( 1_{N−k} 0 0 1_k ) . (4.1)

The question is how this solution looks like around point x^9 = 0. Again, we would like to have kink solution on diagonal elements of tachyon fields, that in extreme case is

T (x^9)_{diag} = T_v ( −1_{N−k} 0 0 1_k ) , x^9 < 0 ,

T (x^9)_{diag} = T_v ( 1_{N−k} 0 0 −1_k ) , x^9 > 0 , (4.2) but generally, there could be nonzero tachyon field in non-diagonal form in point x^9 = 0, which must be zero in points outside x^9 = 0, so that we take solution in the form T (x) = ( T_0(x)1_{N−k} T (y)δ(x) T (y)δ(x) −T_0(x)1_k ) , (4.3)

where T_0(x) is given in (2.11) and y means coordinates on R^{1,8}. We insert this function into (3.14) and we will analyse various constraints as in previous case. The analysis is almost the same as before with difference in point x = 0, where new phenomena arise. As in previous part, in point, where T = T_0, the system must be equivalent to the supersymmetric vacuum, which again leads to the breaking of gauge field as in form (3.6). This leads to following results:

Tr D_xT D_xT = Tr_N T^2_v δ^2(x) + 2 ( T (y) dδ(x) dx + (A_9T − T A^′_9)δ(x)

)_2 , (4.4)

where we use of gauge fields in the form

A_M = ( A_M 0 0 A^′_M ) (4.5)

where A_9 → X. Now as in ordinary QFT, we can take δ^2(x) ∼ δ(x) and in the same way (dδ(x)/dx)^2 ∼ dδ(x)/dx. Then in the second term in (4.4) are expressions, that are proportional to dδ(x)/dx leading after putting into integral to the results: ∫ (. . . .) dδ(x) dx dx = − ∫ d(. . .) dx δ(x) = − d(. . .) dx | | |_{x=0} ,

but from the requirement, that derivation of any massless field in point x = 0 is zero, we see, that contribution of these terms is zero. (In the following, we will write x instead x^9, only in situation, where gamma matrices will be presented, we use x^9.) As a result, we obtain from (4.4):

(NT_v + 2 Tr_{N−k}(XT − T X^′)(X^′T − T X))δ(x) , (4.6)

where for simplicity T means T (y). In the same way, we obtain: D_μT (x, y) = ( 0 D̃_μT D̃_μT 0 ) δ(x) , (4.7)

where we have defined D̃T = dT + AT − T A^′, D̃T = dT + A^′T − T A. As a result, we obtain Tr DT_μDT^μ = 2 Tr_{N−k} ( D̃T^μD̃_μT ) δ(x) . (4.8)

Now, we come to the analysis of potential. This potential has form:

V (T ) = −m^2 Tr(T^2) + λ Tr(T^4) + λ Tr(T_0)^4 (4.9) having property V (T_0) = 0. We see that in points x ≠ 0, this potential is zero. For points around x = 0, we must return to the (2.11), where we now must remember, that this solution is express as limit of function cx, where c goes to infinity. This means that in point x = 0, we have T_0 = 0 (Remember, that this same is true in function f(T ) in interaction between fermions and tachyon, but we demand continuous functions of massless fields, so when θ_R is zero in all point except x = 0, is zero in point x = 0 as well). We see that in point x = 0 the solution in (4.3) is:

T (x = 0) = ( 0 T (y) T (y) 0 ) (4.10)

(we must remember that this solution is formally multiplied δ(0). When we insert (4.10) into (4.9), we obtain:

V = −2(−m^2 Tr_{N−k}(T T ) + λ Tr_{N−k}(T T )^2)δ(x) (4.11)

We have multiplied this potential with delta function, because in all points except x = 0 this is zero and in point x = 0 there is a delta function coming from nondiagonal terms in (4.3). From this reason, we can neglect constant term in (4.9), because this is finite.

As a last step, we arrive to the terms with fermions in (3.14). As in previous section, for T = T_0 we obtain, that diagonal terms in θ_R are zero: A, D = 0, and in θ_L the non-diagonal terms are zero: F, G = 0. By requirement of continuously, these fields are zero in point x = 0 as well. As a result, after inserting (4.10) into (3.14) we obtain for fermionic terms in the point x = 0:

Tr f(T )θ_Rθ_L = ( 0 f(T ) f(T ) 0 ) ( 0 C B 0 ) ( E 0 0 G )

= ( Tr_{N−k}(f(T )BE) + Tr_k(f(T )CH) ) δ(x) . (4.12)

As in case of non-diagonal terms of fermions in previous section, we can show from transformation law for tachyon on original system of N non-BPS branes, that this remaining tachyon field transforms under U(N − k) × U(k) as: T → gT h^1, g ∈ U(N − k), h ∈ U(k) . Then it can be easily proved that terms in (4.12) are invariant under U(N −k)×U(k) gauge transformations. (Under this transformation, we have: E → gEg^{−1}, hHh^{−1}, C → hCg^{−1}, B → gBh^{−1}f(T ) → gf(T )h^{−1}, g ∈ U(N − k), h ∈ U(k), so that invariance is evident.)

From string theory point of view, this is interaction term, that we would expect from interaction between string starting and ending on brane and string starting on brane and ending on antibrane. First term in (4.12)reproduces this interaction. T^{ij} corresponds to string starting on i-th brane and ending on j-th antibrane, C^{jk} corresponds to the string starting on antibrane and ending on brane and E^{ki} comes from string starting and ending on brane. Then we make trace over this factor and we obtain precisely interaction as we can expect from string theory. We can say that first term correspond to the interaction on brane and the second to the interaction on antibrane. When we write all terms (4.4), (4.8), (4.11), (4.12) together, we obtain function F , that contain delta function δ(x). Now, when we insert this term into action for N 9-branes in (2.2), we obtain the result: S = −C ∫ R^{1,8} d^9x [ 1 + 1 16π^2 { Tr_{N−k} ( F_{μν} F^{μν} +2D_μXD^μX −2θ ( Γ^μD_μθ+Γ^9[X, θ] )) − − 4 Tr_k ( BΓ^μD̃_μB + BΓ^9(XB − BX^′) ) + + Tr_k ( F^′_{μν} F^{′μν} + 2D^′_μX^′D^{′μ}X^′ − 2θ^′(Γ^μD^′_μθ^′ + Γ^9[X^′, θ^′]) )}] × × 1 N { NT^2_v + 2 Tr_{N−k}(XT − T X^′)(X^′T − T X) +

+ 2 Tr_{N−k} ( D̃^μT D̃_μT ) + ( −m^2 Tr_{N−k}(T T ) +λ Tr(T T )^2 ) + + Tr_{N−k} ( f(T )Bθ ) + Tr_k ( f(T )Cθ^′ ) } +I_{W Z} , (4.13)

where we have made exchange E → θ, H → θ^′.

We propose that this action is correct action for system of N D8-branes and N − k anti D8-branes. Of course, we also expect that this action is correct action for lower dimensional system of branes and antibranes. We can see that this action leads to the action for distinguishable branes and antibranes as was presented in literature in case, when we expand bracket (1 + 1/16π^2 + · · · and neglect all terms containing products of terms from first bracket with terms from the second bracket, which can be schematically written as: S = − ∫ ( 1 + 1 16π^2

(F^2 + · · ·) ) (D̃T^2 + · · ·) ∼ − 1 16π^2 ∫ (F^2 + · · ·) − ∫ (D̃T^2 . . .) .

Action (4.13) reduces in case k = 0 to the action describing N D8-branes, because then tachyon field T is zero and the second bracket in (4.13) reduces to the term Tr T^2_v /N = T^2_v and from this fact, we can obtain value of T_v. We know that in unit 4π^2l^2_s = 1, tension of non-BPS brane is C = √ 2 2π/g and from the requirement that the resulting action describes N D8 branes, so that the resulting tension is T = 2π/g, so we obtain condition for vacuum value of tachyon T_v: 2π √ 2T^2_v g = 2π g ⇒ T^2_v = 1 √ 2 . (4.14)

We can take special case, where action (4.13) describes one brane and one antibrane. Then the gauge group on brane+antibrane system is U(1) × U(1). Firstly, we can ask, what happen for case T = T_0, where T_0 is now minimum of tachyon potential appearing in (4.13).The vacuum value is |T_0|^2 = T^2_v =^{m2}_{2λ} . For constant tachyon all derivatives are zero and we can deduce from second bracket of (4.13) function, from which we obtain equation of motion for tachyon: F = 2π √ 2 2g [ 2T^2_v + 2((XT − T X^′)^2 + (AT − T A^′)^2 + V (T )) + f(T )(fermions . . .) ] , (4.15) where the last term contains fermions, but we do not need its precise form. Then equation of motion for constant T reduces to: dF dT = 0 ⇒ T ((X − X^′)^2 + (A − A^′)^2) + dV dT + df(T ) dT (. . .) = 0 . (4.16)

We would like to evaluate this equation in point, where T = T_0. Then derivation of potential is zero for this value of tachyon from the fact that vacuum value of T is value minimising potential. Since T is nonzero, we obtain solution of equation of motion in form X = X^′, A = A^′. First condition has consequence that brane and antibrane in T_0 coincide, which we can expect from the fact, that between brane and antibrane is attractive force. The second condition means that gauge fields must be the same, which again means that there is no charge for lower dimensional brane. The last thing is case of fermions. Since f(T ) is odd function, its derivation is even, we can expect that is nonzero for T = T_0. Then in order to obey equation of motion, the fermionic term must be zero, so that all spinor fields must be zero in point, where T = T_0.^{14} We arrive to the conclusion that in this point supersymmetric vacuum is recovered. We would like also show that action in this point is zero. We see that all terms in F are zero except 2T^2_v + 2V (T ). Vanishing of this term leads to the second condition for vacuum value of tachyon, that has a form:

V (T_0) = T^2_v ⇒ m^4 = 2 √ 2λ . (4.17)

In the following examples, we will show that this action correctly reproduces some properties of system of branes and antibranes, that are expected on general grounds, and confirm the conclusion, that this action is correct action for system of branes and antibranes.

4.1 Kink solution on pair D8-brane D8-antibrane Now, we will construct kink solution for tachyon on pair D8-brane D8-antibrane. We use action given in (4.13) for special value of N = 2, k = 1. Then expression in second bracket in (4.13) has a form (We will be interested mainly in the second bracket, because only this part contains tachyon): ( 2T^2_v + 2(XT − T X^′)^2 + 2 ( D̃T D̃T + V (T ) ) + +f(T )Bθ + f(T )Cθ^′ ) . (4.18)

14This conclusion is not precisely correct and right form will be given in the next example.

As was argued in previous part, we expect that this term is zero in point, where T = T_0 is a vacuum value of tachyon. We return more carefully to the term containing fermions. Because f(T_0) is nonzero, we obtain some condition for them. First possibility is C = B = 0 ,but this it too restrictive and does not lead to the interesting interaction, as we will see. We expand B = C^∗ in the form: C = X + iY , B = C^∗, because they are complex (this property is reflection of oriented string.), while θ, θ^′ are real (this is due to the fact that U(1) has not adjoin representation). Then we get:

f(T_0)CΓ^0θ + f(T_0)BΓ^0θ^′ = 0 ⇒ f(T_0)XΓ^0(θ + θ^′) + if(T_0)Y (θ − θ^′) = 0 (4.19)

this equation can be solved with choosing

θ = θ^′ , X = 0 (4.20)

together with conditions obtained for bosonic fields: X = X^′, A = A^′ We take tachyon field in the form:

T (x, y) = T (x) + iT (y)δ(x) , (4.21)

where x = x^8 and y are remaining coordinates. We choose T (x) in the form of kink solution as in (2.11), that is also zero in point x = 0, and T (y) is real function of y. The analysis in point outside is similar as before and leads to the previous conditions on massless fields. Due to the condition A = A^′, that must hold everywhere, the covariant derivative in point x = 0 leads to the ordinary derivative. Then we obtain the result as in previous case (in the following, we take x = x^8 and μ = 0, . . . , 7 and again we use the fact that terms with derivative of delta function give zero contributions):

D̃T D̃T = δ(x)T^2_v + ∂_μT (y)∂^μT (y)δ(x) . (4.22)

Using the condition (4.17), we see that constant term cancels with potential except the point x = 0, where its contribution is very small with respect to the delta function. In point x = 0, T (x) = 0, so that potential has a form:

V (T ) = (−m^2T (y)^2 + λT (y)^4)δ(y) . (4.23)

The last thing is term with fermionic interaction. At point x = 0 this can be written as:

(if(T (y))iY Γ^0θ − if(T (y)(−iY Γ^0θ)δ(x) = 2f(T (y))Y Γ^0θ , (4.24)

where we have used the fact that f is real function. When we remember that Y comes from right handed sector in original configuration and θ comes from left handed sector, then we can rename these fermions as Y → θ_R, θ → θ_L and we obtain the final expression:

2f(T (y))(θ_Rθ_L)δ(x) . (4.25)

Gluing (4.22), (4.23) and (4.25) together, we obtain final result from bracket containing tachyon field: 2π √ 2 g { ∂_μT ∂^μT + T^2_v + (−m^2T^2 + λT^4) + f(T )θ_Rθ_L } δ(x) . (4.26)

We can see immediately intriguing similarity with term (2.7), (2.10), which can suggest that this construction leads to lower dimensional non-BPS D-brane. This will be seen also from analysis the first bracket in (4.13).

We know that field theory on brane and antibrane has gauge symmetry U(1) × U(1), so that field strength is abelian and scalar fields and fermionic fields do not couple to the gauge fields, because U(1) group has not adjoint representation, which also leads to the absence all interaction terms between massless fields. First bracket also contain term BΓ^MD̃_M B, (M = 0, . . . , 8), that reduce due to the condition A = A^′ into BΓ^μ∂_μB, where we have used well known fact that all massless fields are independent on x. The next steps are straightforward. Again, A_8 is interpreted as scalar field describing fluctuation in x^8 direction and F_{MN} F^{MN} = F_{μν} F^{μν} + 2∂^μX^8∂_μX^8, so that the final result is S = −2C ∫ R^{1,7} d^8x [ 1+ 1 16π^2 ( F_{μν} F^{μν} +2∂^μX^i∂_μX^jδ_{ij} −2θ_RΓ^μ∂_μθ_R −2θ_LΓ^μ∂_μθ_L )] × × ( ∂_μT ∂^μT + T^2_v + (−m^2T^2 + λT^4) + f(T )θ_Rθ_L ) , (4.27)

which is a correct action for non-BPS D7-brane as proposed in [1]. We must also mention the factor 2 in front of the action, which suggests that resulting configuration consists in fact two non-BPS D-branes. We return to this issue in the forthcoming paper.

As a check, consider tachyon condensation on world-volume of this brane. For simplicity, we take T to be equal to its vacuum value everywhere. We must determine vacuum value of tachyon. From definition, this value minimise potential, so we have: dV dT | | |_{T0} = 0 ⇒ T^0 = m^2 2λ , V (T_0) = − m^4 4λ . (4.28)

We see, that this value exactly cancels with constant term T^2_v , using (4.17):

T^2_v + V (T_0) = 1 √ 2 − 1 √ 2 = 0 (4.29)

so that including term T^2_v into potential leads to the potential with V (T_0) = 0, which is correct value of tachyonic potential for non-BPS D-brane. As a further check, we can proceed in the same way as in section devoted to the construction of single brane from unstable brane. We do not mean to repeat the same calculation.

We can also consider modding of theory with operator (−1)^{FL} , as in ref. [6]. It was argued that non-BPS brane is invariant under this projection, so that we can look for spectrum of low energy states in string theory living on brane. We start with system of brane+antibrane. As it is well known, strings starting and ending on different branes have different CP matrix. We can take CP matrices in the form: p − p = ( 1 0 0 0 ) , p − p = ( 0 1 0 0 )

p − p = ( 0 0 1 0 ) , p − p = ( 0 0 0 1 ) (4.30)

States that are invariant in system brane+antibrane come with CP matrices I and σ_1, whereas states with σ_3 and iσ_2 are projected out.^{15} Let us consider the system brane+antibrane in IIA theory. Then combination T − T is projected out, which is equivalent to the condition: T − T = 0 . When we write T = A + iB, we obtain B=0, so that tachyon is real after projection. The same argument leads to the condition for spinor B coming from p − p sector, resulting into:

B − B = 0 (4.31)

leading to the result, that this spinor must be real.

From the fact that states with σ_3 are odd, we have condition:

A − A^′ = 0, X − X^′ = 0, θ − θ^′ = 0 . (4.32)

When we put (4.31), (4.32) into the action for system brane+antibrane we get the action for non-BPS D-brane in type-IIB theory: S_{IIB} = −C ∫ R^{1,7} d^8x [ 1+ 1 16π^2 ( F_{μν} F^{μν} +2∂^μX^i∂_μX^jδ_{ij} −2θ^′_LΓ^μ∂_μθ^′_L −2θ_LΓ^μ∂_μθ_L )] × × ( ∂_μT ∂^μT + T^2_v + (−m^2T^2 + λT^4) + g(T )∂_μθ^′_LΓ^μθ_L ) (4.33)

We must say few comments about this result. In previous action we have made redefinition √ 2X → X , √ 2A → A , √ 2B → θ^′_L , √ 2θ_L → θ_L in order to get correct action for non-BPS D-brane. We can then ask the question why we did not make this redefinition in case of kink solution on world-volume of

15σ_1 = ( 0 1 1 0 ) , iσ_2 = ( 0 1 −1 0 ) .

brane and antibrane, which would result into eliminating the factor 2 in (4.27). This is result of the fact that operation (−1)^{FL} is a projection, which eliminates one half of degrees of freedom as was shown in [6] so that it would be strange when we had factor 2 in front of the action implying doubling of degrees of freedom. On the other hand kink solution on world-volume of brane and antibrane is not the projection, which eliminates one half of degrees of freedom so that factor 2 seams to natural in front of the action.

We can also see in (4.33) that interaction term between fermions and tachyon has different form than in case of type-IIA theory. This has its origin in the fact that operation (−1)^{FL} changes chirality of Majorana-Weyl fermion B, which implies vanishing of the term θ_LΓ^0θ^′_L. It is clear that on world-volume of non-BPS D-brane in type-IIB theory must be present the interaction between fermions and tachyon as well and the interaction term given in (4.33) is the simplest extension of interaction term in action for non-BPS D-brane in type-IIA theory, which is nonzero. We can also ask the question how this term does arise in the action for non-BPS D-brane in type-IIB theory from modding out type-IIA theory with operation (−1)^{FL} when we know that this operation only eliminate some degrees of freedom and change chirality of B. The answer of this question is remarkably simple. We can add into (4.27) the term g(T )∂_μBΓ^μθ_L, which is identically zero for spinors of opposite chirality,^{16} but after modding the theory gives the appropriate term in action for non-BPS D-brane in type-IIB theory. Again it is easy to see that tachyon condensation in form of kink solution on world-volume of non-BPS D-brane in type-IIB theory leads to the action for BPS D-brane.

We can again modding out this theory with (−1)^{FL} , that leads in the bulk to the transformation of IIB into IIA theory. Since non-BPS D-brane does not carry RR charge, it is invariant under this transformation. As it was explained elsewhere [6], that state with CP factor I are even under this projection and state with σ_1 are odd. Then we must take tachyon in action to be zero: T = 0, as well as: θ^′_L = 0. As a result, the last bracket in (4.33) is equal to 1/ √ 2 and we obtain correct tension for BPS brane: C √ 2 = 2π g and the first term leads to the ordinary action for BPS D-brane.

We have seen that from tachyon condensation in the form of kink solution on world-volume of non-BPS D9 branes, we have obtained action for D8-branes and D8-antibranes. We have also seen that further tachyon condensation on the pair D8-brane +D8-antibrane leads to non-BPS D7-brane, as can be expected on general grounds [4, 5]. And finally, the last tachyon condensation leads to BPS D6-brane. In this “step by step” construction we would be able to construct the whole spectrum

16We give the simple proof the upper statement: θ_RΓ^0Γ_M θ_L = −θ_RΓ^{11}Γ^0Γ^M Γ^{11}θ_L = −θ_RΓ^0Γ^M θ_L.

BPS and non-BPS D-branes in IIA theory, again with completely agreement with [5]. But certainly it would be nice to have a contact with one step construction, proposed in [5]. In the last section, we show first step in this direction. We will construct tachyon vortex solution on pair D8-brane+D8-antibrane.

4.2 Vortex solution on pair brane+antibrane

Now, we proceed to the question of construction of vortex solution on system D8- brane and D8-antibrane. The gauge theory describing this system is U(1) × U(1) and the action has a form: S = −C ∫ R^{1,7} d^8x [ 1 + 1 16π^2 ( F_{MN} F^{MN} + F^′_{MN} F^{′MN} + 2∂_M X∂^M X + 2∂_M X^′∂^M X^′ −

− 4BΓ^M ∂_M B − 2θΓ^M ∂_M θ − 2θ^′Γ^M ∂_M θ^′ )] × (4.34) × 1 2 ( 2T^2_v +2 ( D̃_M T D̃M T +V (T )+(XT − T X^′)^2 ) +f(T )Bθ+f(T )BΓ^0θ^′ ) . Now, we would like to construct vortex solution, where tachyon field forms a vortex in space R^2 on world-volume of brane+antibrane pair (we divide world-volume of this pair as R^{1,8} = R^2 × R^{1,6} and we take cylindrical coordinates in the R^2 space r, ϕ), that has a form:

T = T_ve^{iϕ} . (4.35)

Strictly speaking, the tachyon should approach to this solution in spatial infinity, but we would like solution, that is in vacuum value in the whole plane R^2 except some small region around point r = 0. Equation of motion for tachyon is: δF δT = −D̃_MD̃^M T + dV dT + 1 2 df dT BΓ^0θ^′ + T (X − X^′)^2 = 0 (4.36)

and the same for T . We will make the same analysis as in previous cases of kink solution, but there is an important difference. In kink solution, we have specified only real part of tachyon, so that imaginary part remained free, so we have generally obtained non stable configurations after tachyon condensation. In vortex solution, the tachyon is fixed completely, even in point r = 0, so that there is no place for remaining tachyon modes, so that we should expect that we obtain stable configuration following previous results [1, 5, 4] we can expect, that resulting configuration is supersymmetric D6-brane.

As in usually, we start with points in plane R^2, where tachyon is in vacuum value. Again, since tachyon vacuum value is nonzero, we obtain condition for fields describing fluctuation in 9-th direction:

X − X^′ = 0 . (4.37)

From the requirement of continuity of massless field, this constraint must be obeyed on the whole plane, so that brane and antibrane system has only degrees of freedom corresponding to the transverse fluctuation of the system as it would be the single object.

Now, we return to the equation^{df}_{2dT} BΓ^0θ^′ (and the analogous equation for T ) in the point, where T is in vacuum value. Since this derivation is nonzero, we obtain conditions for spinor fields (the situation is the same as in case of kink solution, so we do not mean to go into details). Due to the fact, that f is real function, we can write this derivation as follows: df dT = g − ih, df dT = g + ih (4.38)

and in the same way: B = X + iY , B^∗ = X − iY . Then we obtain:

gXΓ^0(θ + θ^′) + ihXΓ^0(θ − θ^′) + igY Γ^0(θ^′ − θ) + hY Γ^0(θ + θ^′) = 0 . (4.39)

It is clear that solution of this equation is

X = 0 , Y = 0 , θ = θ^′ (4.40)

implying that spinor arising from string sector connecting brane and antibrane disappears and two spinors from string sector living only on brane and antibrane combine to one independent spinor. Again, this implies existence of supersymmetric brane.

The equation dV /dT is zero in point |T | = T_0 and in point x = 0, where tachyon field is zero, is equal to zero as well, because value of tachyon T = 0 is also minimum of potential.

The last term is D_M D^M T = 0, that leads to the condition D_M T = 0. For μ = 0, . . . , 5, we obtain (due to the fact that tachyon is not function of these coordinates):

(A − A^′)_μT = 0 ⇒ A_μ = A^′_μ (4.41)

again we have only one independent gauge fields in this direction. For the directions in plane R^2, the situation is more subtle. Since the tachyon has nonzero twist, the requirement D_ϕT = 0 leads to the condition

A_ϕ − A^′_ϕ = 1 r and condition D_rT = 0 in point outside r = 0 leads to the condition A_r − A^′_r = 0. Because tachyon is fixed also in the point r = 0, this functions are fixed in this points as well, so we have conditions: A_r − A^′_r = 0 holding everywhere and A_ϕ − A^′_ϕ is fixed in some nontrivial way. In other words, even if the field A_ϕ − A^′_ϕ and its derivation is nonzero in point x = 0, this field is not free, so that it appears in resulting action as a constant, that can be taken out, but the nontrivial behaviour of A_ϕ − A^′_ϕ is important in WZ term, as we will see.

On the other hand, fields A^S_r = A_r + A^′_r, A^S_ϕ = A_ϕ + A^′_ϕ are free, which leads to the important consequence. To conclude, in order to obey equations of motion for tachyon, we have obtained number of constraint on massless fields living on brane and antibrane and also we have obtained the form of the second bracket in the action:

(. . .) = T^2_v δ(r) = T^2_v δ(x)δ(y) . (4.42)

As it was pointed in previous part, the only nontrivial fields coming from gauge fields with indexes r, ϕ are fields A^S_{x,y}, where we again use cartesian coordinates in plane R^2. To explain this fact more carefully, we rewrite kinetic terms for gauge fields as follows:

F_{MN} F^{MN} + F^′_{MN} F^{′MN} = F_{μν} F^{μν} + F^′_{μν} F^{′μν} + 2F_{μi}F^{μi} + + 2F^′_{μi}F^{′μi} + 2F_{xy}F^{xy} + 2F^′_{xy}F^{′xy} = 2F_{μν} F^{μν} + (F^s_{μj} F^{sμj} + F^a_{μj} F^{aμj} ) + + (F^s_{xy}F^{sxy} + F^a_{xy}F^{axy}) , (4.43)

where for the time being i = 8, 7 and we do not make summation over x, y and where we have introduced combinations: A^s_M = A_M + A^′_M , A^a_M = A_M − A^′_M . In previous expression we have also used (4.41). This expression simplifies dramatically, when we use previous results. Firstly, the term F^a_{μj} is zero, because contains fields, that are completely fixed with tachyon condensation and these fields are independent on μ = 0, . . . , 6 coordinates. Secondly, the last bracket is zero as well, because symmetric combination of field is independent on x, y coordinates as other massless fields as well. Antisymmetric combination is completely fixed with tachyon, so that has not any dynamical effect and consequently can be put away from the lagrangean. As a result, we obtain following kinetic term for bosonic fields including scalar field X_9 (We make rescaling: A^s_{x,y} =→ 2X_{x,y} in order to have the same form of kinetic term for scalars X_{x,y} as for scalar X_9, which is multiplied by factor 4 as follows from (4.37)): 2 [ F_{μν} F^{μν} + 2∂_μX^i∂^μX^jδ_{ij} ] , (4.44)

where i, j = 7, 8, 9. We also see from (4.40) that fermions come into the action with factor 2. Finally, with using the fact, that CT^2_v = 2π/g, we obtain action for supersymmetric D6-brane: S = −2 2π g ∫ D6 d^7x [ 1 + 1 16π^2 ( F_{μν} F^{μν} − 2θΓ^μ∂_μθ + 2δ_{i,j}∂_μX^i∂^μX^j ) ] . (4.45)

We again see the factor 2 in front of the action, which can suggest that resulting configuration is in fact bound state of two D6-brane. As was claimed above we return to this issue in the future.

As a next thing we must return to the WZ term. We will follow ref. [16], where WZ term for system brane+antibrane was presented. As was explained in this paper, in case of tachyon condensation into vortex solution, the tachyon field do not contribute the RR charge and we obtain following coupling: I_{W Z} = k ∫ R^{1,7} C_8 ∧ ( e^{F/(2π)} − e^{F ′/(2π)} ) (4.46)

where k is unknown constant.When we expand the exponents, we obtain: I_{W Z} = k ∫ C_7 ∧ 1 2π (F − F^′) + k 2(2π)^2 ∫ C_5 ∧ (F − F^′) ∧ (F + F^′) + + k 3!(2π)^3 ∫ C_3 ∧ (F − F^′) ∧ (F ∧ F + F ∧ F^′ + F^′ ∧ F^′) + + k 4!(2π)^4 ∫ C_1 ∧ (F − F^′) ∧ (F + F^′) ∧ (F ∧ F + F^′ ∧ F^′) . (4.47)

It is well known that integral ∫ (F − F^′) is equal to 2π for tachyon vortex and with using the fact that various powers of field strengths in the second bracket are function only A_μ = A^′_μ, μ = 0, . . . , 6 for which F = F^′, we get the result: I_{W Z} = k ∫ C_7 + k 2π ∫ C_5 ∧ F + k 2(2π)^2 ∫ C_3 ∧ F ∧ F + · · · = k ∫ R^{1,6} C ∧ exp ( F 2π ) , (4.48)

which is a correct Wess-Zumino term for BPS D7-brane. However, there is an important objection. When we have made analysis of DBI action we have came to the result that the resulting configuration correspond bound state of two D7-brane rather than single D7-brane. On the other hand, the result (4.48) suggests that resulting configuration is a single D7-brane. We see that this is rather troubling, because the resulting configuration would not be BPS object. On the other hand, previous results allow us to claim that resulting DBI action describes BPS D-brane so that we can expect that more general form of WZ term could solve this puzzle. We hope to return to this issue in the future.

5. Conclusion

In previous parts, we have seen that we are able to construct action for all Dbranes in IIA theory via tachyon condensation in the procedure named “step by step” construction, which was proposed in [5]. Then we have seen that we can construct lower dimensional brane in form of vertex solution on world-volume of system brane+antibrane, which certainly could be used to construction all D-branes in IIB theory, following [4].

As a next step in this analysis, is a construction of more general vortex solutions directly in world-volume of non-BPS D9-branes in IIA theory or in world-volume of system D9-branes and D9-antibranes in IIB theory. Further, it would be interesting to study more general configurations, where D-branes are in general positions and the configurations with branes and antibranes, that are not coincided. It would be also interesting, following [5], to study relation between tachyon condensation and Matrix theory. It seams to us that tachyon could have some connection with the origin of the branes, with breaking of supersymmetry, and consequently, through construction of D0-branes and their using in Matrix theory, with M theory and holography.

As the last thing we must say few words about WZ terms. We have seen that for tachyon condensation on N non-BPS D9-branes, we obtain WZ term, corresponding to the difference of WZ terms for D8-branes and D8-antibranes. This is certainly a good result, but seams to us that there is still something missing, because instability of resulting configuration does not appear in this term. As a result, through further tachyon condensation on this system, we obtain unstable non-BPS D7-brane and from our analysis was clear that this brane does not carry charge of any lower dimensional RR form. Again, in some sense this is correct result, because non-BPS D-brane does not carry RR charge, but we know, that further tachyon condensation leads to stable BPS D-brane, but due to the absence of coupling between tachyon and RR form, we cannot obtain coupling between BPS brane and RR form. In other words, we do not see relation between WZ term proposed in [16] and in [11]. Better understanding of this relation could lead to the explanation, why we do not have correct value of charge for l D6-brane, as we have seen in the last section. We mean that resolution of this puzzle is very important goal, which we could like to solve in the future work.

References

[1] A. Sen, Supersymmetric world-volume action for non-BPS D-branes, J. High Energy Phys. 10 (1999) 008 [hep-th/9909062].

[2] A. Sen, So(32) spinors of type-I and other solitons on brane-antibrane pair, J. High Energy Phys. 09 (1998) 023 [hep-th/9808141].

[3] A. Sen, Type-I D-particle and its interactions, J. High Energy Phys. 10 (1998) 021 [hep-th/9809111].

[4] E. Witten, D-branes and K-theory, J. High Energy Phys. 12 (1998) 019 [hep-th/9810188].

[5] P. Hořava, Type IIA D-branes, K-theory and matrix theory, Adv. Theor. Math. Phys.

2 (1999) 1373 [hep-th/9812135].

[6] A. Sen, Non-BPS states and branes in string theory, hep-th/9904207.

[7] J.H. Schwarz, Tasi lectures on non-BPS D-brane systems, hep-th/9908144. [8] I. Pesando, On the effective potential of the Dp D̄p system in type-II theories, Mod.

Phys. Lett. A 14 (1999) 1545 [hep-th/9902181].

[9] P. Hořava, M-theory as a holographic theory, Phys. Rev. D 59 (1999) 046004. [10] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032 [hep-th/9908142].

[11] M. Billò, B. Craps and F. Roose, Ramond-Ramond couplings of non-BPS D-branes, J. High Energy Phys. 06 (1999) 033 [hep-th/9905157].

[12] M. Aganagic, C. Popescu and J.H. Schwarz, Gauge-invariant and gauge-fixed D-brane actions, Nucl. Phys. B 495 (1997) 99 [hep-th/9612080].

[13] E. Witten, Bound states of strings and p-branes, Nucl. Phys. B 460 (1996) 335 [hep-th/9510135].

[14] W. Taylor IV., Lectures on D-branes, gauge theory and M(atrices), hep-th/9801182 [15] J. Kluson, Remark about non-BPS brane in IIA theory, hep-th/9909194. [16] C. Kennedy and A. Wilkins, Ramond-Ramond couplings on brane-antibrane systems, Phys. Lett. B 464 (1999) 206 [hep-th/9905195].